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Abstract--Results are presented of measurements of velocity and temperature profiles and of turbulent 
momentum and heat fluxes for air flow over a Rat plate, part ofwhich was kept at a temperature of about 11 K 
above ambient temperature. Flow measurements were performed by hot-wire anemometry, using single wire 
and X-wire probes, and temperature measurements by resistance thermometry, using small sensors ofa special 
construction. From the experimental data, values of the eddy diffusivities for momentum and heat, and ofthe 
turbulent Prandtl number were derived. For a developing turbulent boundary layer, velocity and temperature 
profiles for Z’ c 300 could he well represented by the equations 

z+ = U+ +0.1342[exp(O.41U+) - C&0(0.41U+~/n!], 

z+ = Pr-IT+ 10.1342 [exp(0.48T+) - ~~=~(0.48~+~/n!]. 

For the region 30 < zc < 100 the value found for Pr,is0.9 +_O.l. The relationbetween Pr, and z’ for 40 < zf 
< 300 is in agreement with the results of Fulachier. There is less agreement with the results of Antonia et al. 

given for a developing thermal boundary layer. 

NO~ENC~TURE Subscripts 

parameters in equations (I 1) and (12); 
parameters in equations (11) and (12); 
specific heat capacity [J kg- ’ Km ‘1; 
length of the unheated part of the plate 

EmI ; 
integer ; 
integer ; 
static pressure [Pa] ; 
Prandtl number ; 
heat Rux density [W mm27 ; 
boundary layer thickness (0.99 criterion) 

Cm1 ; 
%Jv ; 
temperature [K] ; 
temperature fluctuation [K] ; 
friction temperature, qw/pcpu, [K] ; 
K.-T&% 
velocity components in X, y, z-directions 
[m s-l]; 

i7/u, ; 
fluctuations of U, V, W [m s- ‘J ; 
friction velocity (~,/p)“~ [m s- ‘1 ; 
Cartesian coordinates [m] ; 

t&V. 
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THE RESPONSE of a turbulent boundary layer to a 
stepwise change in surface conditions has received 
special attention, both ex~rimentally and theoreti- 
cally, mainly because ofits relevance to the atmospheric 
situation. As no general solution of the boundary layer 
equations is known, accurate measurements can 
support hypotheses on the turbulent shear stress and 
heat flux density in these boundary layers. 

Earlier measurements of shear stresses and heat 
fluxes made by others show different results. The aim of 
this work is to provide accurate data on the combined 
transport of momentum and heat in a turbulent 
boundary layer over a smooth horizontal surface with a 
stepwise change in temperature. The present work 
represents data achieved by advanced measuring and 
data handling techniques. It is a continuation of that 
presented by D. A. de Vries at the Sixth International 
Heat Transfer Conference in Toronto [ 11, and can be 
considered as a final report on the determination of the 
turbulent Prandtl number performed in our 
laboratory. 

Greek symbols 

K, thermal diffusivity [m2 s-‘1 ; 
V, kinematic viscosity [m2 s- ‘1; 

P9 mass density [kg m- 3] ; 
75, shear stress [Pa]. 

Dimensionless number 

Pr, Prandtl number, V/X. 

* Present address: Heidemij, Research Department, 
Arnhem, The Netherlands. 

free stream condition ; 
turbulent; 
velocity ; 
temperature ; 
wall condition ; 
time average. 

1. INTRODUCTION 

2. STATEMENT OF PROBLEM 

The fundamental problem of heat transfer from a flat 
plate with a stepwise discontinuity in the wall 
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temperature was chosen for our experimental study of 
heat transfer in a turbulent boundary layer. A sketch of 
the velocity and temperature boundary layers and the 
associated velocity and temperature profiles is given in 

Fig. 1. The boundary layer equations for a stationary, 2- 
dim., incompressible, turbulent flow, neglecting 
buoyancy and dissipation are 

?iY/i?x + iiCV/Y?z = 0, (1) 

oaO/8xt~/dZ7/dz = -p-‘$i/c?x-p-‘ar/aZ, (2) 

E@/&x+ IR!?Qz? = -(pcJ ‘aqj’az, (3) 

with 

r = -pvai7++piii, (4) 

4 = - pc,h-a'fiaz +PC,T’W. (51 

All air properties have been considered constant, 
Introducing eddy diffusivities, we write, for the 

turbulent terms, 

T, = pU.6ij = --pV,i?u/8Z, 

q1 = pc,T'w = -~c,K,a'j‘laz. 

With the turbulent Prandtl number 

Pr, = VJK,, 

equation (3) can be rewritten as 

(6) 

(7) 

(W 

OaT‘/ax + VaTlaz = g (K+~JP~,)~ . (9) 
.z i -1 

The eddy diffusivities, and hence Pr,. can be 

determined from experimental data in the following 
ways : 

(a) The integration method : From measured values 

of a(z), T(z), @/ax, ?w and y,,, at different stations (x 
values) along the plate. First r(z) and q(z) are found by 
integration of equations (2) and (3) ; next are calculated 
vt and IC, by application of equations (4)(7). 

(b) The eddy correlation method : From measured 

values of o(z), 7’(z), u&G(z) and T’wjz) by application of 

equations (6) and (7). 

3. EQUIPMENT AND MEASURING TECHNIQIJE:S 

The measurements reported here were performed in 
a “low-turbulence”. closed-circuit wind tunnel. A 
sketch ofthe test section is given in I-ig. 2 : full details arc 
presented in refs. [ 1, -?I. 

The heated part of the plate was kept at a constant 
temper~t~~r~ i f0.2 K). whilst guard elements secured 
heat flow in a vertical direction. The temperature was 
measured with thermocouples situated just below the 
plate surface. Two rows ofwater cooled blades, located 
in corners of the wind tunnel, kept the free stream air 
temperature at a constant value. 

The wall shear stress, r’,, was measured with Preston 
tubes [3,4]. The accuracy of the r,, values is about 24,,. 
The wall heat flux density, q%, could be determined 
within 3”;; from the power supplied to the central heated 
part. 

Velocity measurements were performed by constant 
temperature hot-wire anemometry. G values wrere 
measured by a single wire, with its axis in they direction. 
having a diameter of 3 pm and an effective length of I .90 

mm. 
The ui values were determined with an X-wire 

probe. The wires of this probe were located in x.:- 

planes ; they madeangles ofabout & 30’ with the x-axis. 
Their diameter was 3pm and they had effective lengths 
of 1.96 mm and 1.68 mm. A method described by 
Bradshaw [S] was used to examine the validity of the 
‘cosine law’ for the X-wire probe. Corrections were 
made for deviations from this law. 

All hot wires were carefully calibrated and the 
calibration was corrected for variation of the average 
air temperature. as described by Koppius and Trineq 

Cf4 
Temperatures were measured by electrical resistance 

thermometry, as described by Nieuwvelt rt nl. [7]. This 
includes compensation for the thermal inertia of the 
sensor. This sensor consists ofa thin quartz wire, with a 
diameter of 5.5 pm and a platinum coating ofabout 0.1 

nm thickness. 
A probe with an effective length of 1.90 mm, with its 

axis in the v direction, was used to measure 7’. 

AMBIENT TEMPERATURE T, _ 

DGE OF VELOCITY 

GE OF TEMPE RATUR F 

BOUlriDARY FAYER 

-MEAN TEMPERATURE 

FIG. 1. Sketch of configuration investigated 
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TRIPPING- STATION : 5 6 7 HEATED PART 
WIRE X-CO-ORDINATE : 1,293 1,503 1,765 

\ UPPERSIDE I” Irn / 

FIG. 2. Test section of the wind tunnel, showing plate with heated part and relevant dimensions. 

A second probe (with an effective length of 1.56 mm) 
was combined with the X-wire probe for determining 

7%. A correction was made for axial heat conduction 
to the (isothermal) prongs (5% for T’ values) analogous 
to the correction described by Maye [S]. 

All probes were constructed so as to minimize 
aerodynamic disturbances, according to the recom- 
mendations of Strohl [9]. 

The electrical signals from the probes were recorded 
on a 14 track Honeywell 7600 analogue instrumental 
tape recorder. All anemometer signals were linearised 

by analogue equipment before processing. 
Correlations were obtained by means of a Federal 
Scientific UC-201~ two-channel correlator. 

An eie~tronically controlled transversing mechan- 
ism, designed at our laboratory, was used to move the 
probes vertically through the boundary layer. It 
allowed an accuracy of 15 pm in the determination of 
absolute z-values and of 2 pm in the probe 
displacements. 

4. EXPERIMENTAL RESULTS 

Care was taken to keep the free stream velocity, U,, 
and the difference between the wall and free stream 
temperatures, TW- To, constant. 

Because the measurements extended over a period of 
about 6 months, conditions changed slightly due to 
variations of barometric pressure and ambient 
temperature. All air properties (p, v, cc, K) were taken at 
the relevant film temperature, &T, + T,), and pressure. 
Some of the flow measurements were carried out both 
under isothermal (T = To) and non-isothermal 
conditions. No influence of buoyancy was observed. 

Velocity and temperature profiles were measured at 

stations 5,6 and 7 (Fig. 2). Measurements ofuw and T’w 
were performed at stations 6 and 7 only. The results for 
station 6 are presented, those for the stations 5 and 7 
being similar. 

Typical conditions, ~rtaining to the meas~ements 
with the combined X-wire and temperature probe, are 
given in Table 1. 

The velocity profile is given in Fig. 3 in the usual 
dimensionless form. For z+ > 30 our profile ap- 

Table 1. Values of various quantities for station 6 during 
measurements with the combined probe 

Quantity 

uo 
To 

T.--T, 
%C, + To) 

PO 

Value Quantity Value 
-... 

10.8 m SC’ S” 35mm 
300.4 K ?v 0.25 Pa 

11.4 K 362 Wm-’ 
306.1 K d;j& -4.8 Pa rn-” 
101.4 kPa dq,Jdx -140 Wmm3 

proaches the logarithmic law, with parameters as given 
by Hinze [lo] 

U’ = 2.44 In z+ +4.90. (10) 

For zf < 300 the data show an excellent agreement 

U, = 0,46 m/s 

S;:t049 

FIG. 3. Dimensionless velocity profile at station 6. Broken line, 
logarithmic profile [equation (lo)]. Upper curve, [equation 
(ll), with B = 0.1108, h = 0.40 and m = 51. Lower curve, 
[equation (1 l), with B = 0.1342, b = 0.41 and m 5; 41. 

0, Linearized signals; 0, non-linearized signals. 
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with the Spalding formula [l I] 

with B = 0.1342, h = 0.41 and m = 4. 
These values of B and b correspond with the values of 

the parameters in ref. [ 101. 

These results are slightly different from those of 

Spalding, who found a best fit with B = 0.1108, 
h = 0.40 and m = 3 or m = 4. They are also different 
from those of Blom [2], who found a best tit with the 

values of B and h given by Spalding, but with no == 5 
(modified Spalding profile). Figure 3 shows that the 
effect of linearization is small. 

The temperature profile is presented in Fig. 4. The 

experiments show a logarithmic temperature profile for 
30 < ,+ < 300. Assuming a linear profile for 3 ’ c: 7. 
analogous to the velocity profile, the whole 

temperature profile can be well represented by a 
Spalding-like formula given by 

/ 

W1 
: = py’-/-’ +H, exp(h,T’) - C (hlT+)“;n! 

V1 = 0 
(12) 

with Pr = 0.71. 
In the logarithmic region one obtains from the 

experimental data the following simple relation 

between T’ and I; ’ : 

T’ = (0.86+0.02)U+, 30 < Z+ < 300. (13) 

Combining equations (lo), (12) and (13) results in B, 

= 0.1342. h , = 0.48 and m = 4. 

From the values of S: and S; given in Figs. 3 and 4, it 
can be seen that the thickness of the temperature 

FIG. 4. Dimensionless temperature profile at station 6. Upper 
curve, equation (12) with m = 4. Lower curve, equation (12) 
with m = 3. 0, Single temperature probe; 0, combined 

temperature and X-wire probe. 

FIG. 5. l’urbulent shear strcsr profile at station 0. derrved 
from equation (2). 0, Eddy correlation. rsothermal condition. 

0. eddy correlation. non-isothermal conditiorr : I)\, we 
Discussion and <‘onclurirrn<. 

boundary layer is about half that ol’ the velocity 
boundary layer at station 6. 

It should be noted that the temperature data 
obtained with the combined probe agree well with 

those given by the single probe. The fortner could not be 
used for z c: 20. because ofthc vertical extension ofthc 
X-wire probe. 

Results of both methods for determining the 

turbulent shear stress profile arc given in Fig. 5. The 
values found by the eddy correlation method appear to 
be much smaller than those derived from the 
integration method. The reason for this discrepancy is 
not clear as yet. Probably it has to do with the fact that 
the X-wire probe does not give a true point 
measurement. 

Results of both methods for determining the 
turbulent heat Hux density are given in Fig. 6. The 
broken line indicates that the values obtained from the 
integration method become less reiiable because the 

edge of the thermal boundary layer IS approached. so 
T+ becomes independent of ;’ and .Y. Here also the 

eddy correlation method gives lower results than the 

integration method. In addition the profile obtained by 
the former is shifted towards higher : ’ \aalucs. The 

FIG. 6. Turbulent heat flux density at stutron 6. dcrrved 

from equation (3). 0, Eddy correlation. hnearized. 
temperature corrected ; 0, eddy correlation. non-linearixd. 

temperature not correcleti 
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FIG. 7(a). Profile of the turbulent Prandtl number at station 6. 
~ obtained from integration method ; 0, obtained from 

eddy correlation method ; p.-.- results of Blom [2]. 

effects of linearization and temperature correction are 
quite marked here. 

Finally the profiles of Pr, are presented in Fig. 7(a), 
together with the results of Blom. The shift between the 
results of the two methods, shown in Fig. 6, recurs here. 
However, the values obtained from the eddy 
correlation method do not differ markedly from those 
derived from the integration method. This indicates 
that the same systematic error arises in both uW and 

T’w. Contrary to the findings of Blom, Pr, appears to 
increase with decreasing z+ in the transition layer 

(7 < z’ < 30). For 30 < zc < 300, equation (13) 
would imply Pr, = 0.86, provided that z(z)/T, = - 1 
and q(z)/q, = 1. 

5. DlSCUSSlON AND CONCLUSIONS 

The velocity profile found in the present work can be 
well represented for z’ < 300 by the Spalding formula 
with M = 4, equation (1 l), with the values of the 
parameters derived from the logarithmic profile 
[equation (lo)]. The values of the parameters in 
equation (10) are chosen as the best in the literature. 
Other values of these parameters, also in use, will 
influence strongly the values of the corresponding 
constants in equation (11). We have to keep in mind 
that our experiments were performed in a developing 
velocity boundary layer, while equation (10) is given for 
a fully-developed boundary layer. Figure 3 suggests 
that a somewhat higher value than 2.44 is acceptable. 
This implies a somewhat lower value of the Von 
K&rmin constant, as was also found by other authors 
[lo, 121. The temperature profile can be well described 
by a Spalding-like formula [cf. equation (12)]. 

To construct the dimensionless temperature profiles 
the value of q, is needed, which here is derived from the 
electrical power input to the heated elements. Another 
possibility would be to use the slope of the temperature 
profile near the wall (0 < z+ < 5). Later experiments 
show that in this case, due to the temperature gradient 
in this region (1.5 x 1 O4 K m- I), corrections have to be 

lb) 

0.5 

t i 
01 ,,,_I,’ ,,,,,,,I ,, ,,‘,I 1 10 

- z+ 100 1000 

FIG. 7(b). Turbulent Prandtl number across the inner 
boundary layer obtained by the eddy correlation method: +, 
results of Fulachier et al. ; (x-L)/&(L) = 10.3 ; A, results of 
Antonia et nl. ; (x-L)/&(L) = 11.4; A, results of Antonia et 
al.; (x-L&S,(L) = 42.9; 0, present results; (x-L)/&(L) 

= 13.2. 

made for the heat conduction along the prongs in this 
non-isothermal field. (ZariE’s correction modified to 
our probe shape [ 131 was used.) Small differences in the 
temperature between adjacent elements (0.2-0.3 K) 
lead to a considerable scatter in the measured values 
due to the presence of local internal thermal boundary 

layers. 
The deviation between the shear stress results 

derived from the integral method and the eddy 
correlation method can be explained by the effect of the 
lengths oftheX-wires on the latter method, as described 
by Willmarth and Bogar [14]. Afterwards some shear 
stress measurements were made with effective lengths of 
the X-wires of 0.8 mm. 

After special attention was paid to the application of 
the ‘cosine law’ [S], the measured shear stress values 
agreed within 6% with the values of the integral method 

down to z+ = 40 (marked A in Fig. 5). 
To test the analogue data processing for determining 

shear stress values the recorded X-wire signals were fed 
into a B 7700 Burroughs computer. After digital 
processing including linearization the values of the 
shear stress agreed within 2% with the presented values 

(marked A in Fig. 5). For the region 30 < z+ < 100 the 
value found for Pr, is 0.9 & 0.1. 

This is also the region in which the maximum values 
for the turbulent fluxes of momentum and heat occur. 

Figure 7(a) shows that for z+ < 30 and z+ > 100, Pr, is 
increasing in contradiction to earlier results of Blom 
[Z]. Figure 7(b) represents the results of Pr, determined 
by the eddy correlation method by different authors 
[12]. The shape ofour curve shows agreement with the 
results of Antonia et bl. for the fully developed thernial 
layer [(x--L)/&(L) = 42.91. For 40 < z+ < 300 there 
seems to be agreement with the results of Fulachier et al. 
[ 151. There is less agreement with the results of Antonia 
et al. for a developing thermal boundary layer. 
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DETERMINATION EXPERIMENTALE DU NOMBRE DE PRANDfL TURBUL,I,hl ,i 
L’INTERIEUR DE LA COUCHE LIMITE POUR UN E(‘OlII,EMENT D’AIR SUR I’&b 

PLAQlJE PLANI: 

R&surnb. Onpr&sentedesrCsultatssurlamesuredevltesseetde temptrature,deflux turbulrnt dequ_mtrtr:~lz 
mouvement et de chaleur pour l’air en tcoulement sur une plaque plane dont une partie est maintenue ,i 11 K 
au-dessus de la temptrature ambiante. Ce travail poursuit ce qui a ttP p&entt_ $ la SixiZme (‘onfcrence 
Internationale sur le Transfert de Chaleur. 

Des mesures de vitesse sont faites par animom&rie g fil chaud. utilisant un lil umque et de\ sand-, en X 1~~ 
mesures de temptrature par thermomt-trie d rCsistance avec des petits capteurs spt-ciaux 

Des exptriences sont diduites les valeurs des diffusivitts turbulenres pour la quantitt- de mou\emcnt CI /;> 
chaleur et celles du nombre de Prandtl turbulent. Pour une couche limit? turbulente en d&veloppement. le\ 
profils de vitesse et de tempkrature pour z < 300 peuvent Ctre hien reprksentCs par lcs formuieh 

/ 

* 
: b : L;’ +0,1342 tixp(O,41 I, ‘) z ((I-l1 1 I” )I’ 

,/ 0 

II 

t 
2 + -= Pr-‘T-+0,1342 exp(0,48 T’) \_ 10.4XT.I” )I! 

z/ 1 
Pour la rtgion 30 < z- < 100 la valeur trouvee pour Pr, est 0,9 + 0. I La relation entre Pr, et 3 pour 411 i. : 
-C 300 est en accord avec les rBsultats de Fulachier. I1 y a moins d’accord avec les r&sultats d’An~onia donn& 

pour une couche limite thermique en devcloppement. 

EXPERIMENTELLE BESTIMMUNG DER TURBULENTEN PRANDTL-ZAHl. lip DI‘R 
INNEREN GRENZSCHICHT DER LIJFTSTRiiMUNG <AN ElNER EBENEN F’L.ZTI? 

Zusammenfassung-- Es werden MeBergebnisse bon Geschwindlgkclts-und ?‘emperarurproiilen \o\\ 1~’ de\ 
turbulenten Transports von lmpuls und W$rme in der Luftstrbmung an einer ebenen Platte mitgeteih. van &I 
ein Teil auf einer Temperatur von 1 I K iiber Umgebungstemperatur gehalten wurde. Es handelt stch um CI~? 
Fortselzung der Arbeit, iiber die auf der 6. Internationalen Konferenz fiir WHrmeiibertragung 1 orgel ragen 

wurde. 
DieStrijmungsmessungenwurdenmlt HItzdrahtanemometern unter Verwendungvon Emreldraht.- unci X- 

Draht-Sonden durchgefiihrt. Fiir die Temperaturmessung wurden spe/iell hclnslruic‘r!c 
Widerstandsthermometer eingesetzt. Aus den experimentellen Daten konnten d~z ~urbulent~!~ 
Transportgranen fiir Impuls und WBrme sowie die turbulente Prandtl-Zahl abgeleitet werden. l,tir rine sl& 
ausbildende turbulente Grenzschicht lassen sich das Geschwindigkeits- und Temperaturprofil fiir : ’ 100 
durch folgende Gleichungen gut heschreiben 

: ’ = C’ -to,1342 2p(O,41 I,.’ ) 
I 

1 
1 (0.41 (’ J”,II! 

I/ ci I 

Fiir den Bereich 30 < z- ( 100 ergab slch als Wert fiir die turbulentc Prandtl-Zahl f’r, .~ 0.‘) _ j).! lilt 
Beziehung zwischen Pr, und I+ fcr 40 < z- i 300 ist in guter ubcreinstimmung mit den t:rge&ren vO11 
Fulachier. Eine weniger gute iibereinstimmung besteht mit den Ergebnissen van Antonia. wclche ftir rinr slch 

ausbildende therm&he GrenTschicht gelten. 
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3KCLlEPkiMEHTAJIbHOE Ol-IPEAEJIEHWE TYPlGYJIEHTHOI-0 WiCJlA fIPAHATJI5I 
BO BHYTPEHHEM fIOl-PAHAqHOM CJIOE IIOTOKA B03AYXA HAjJ FIJIOCKOI? 

WIACTMHOR 

A~IIIoT~wI~-~~~~~T~BA~H~I pe3ynbTaTbI no 83MepeHmo npo@ineii cK0p0cTll II TeMnepaTypbr, a 

TaK*e Typ6yJIeHTHbIX noToKoB ubmynbca w Tenna npe Tesemfw BosAyxa HaA nnocKofi nnacTuHoA, 

Ha vacT1( ~o~opoti nonnepEHBaeTca TeMnepaTypa, npuMepHo Ha 11 K npeBbIruamuar TeMnepaTypy 

OKpyxawmeii CpeAbI. np&iBeAeHHbIe pC3yJIbTaTbI IIBJIIH)TCII npOAOnxeH&ieM pa6OTb1, npeACTaBneHHOfi 

Ha&8 MeXAyHapOAHOi KOH~e~HWiianOTeIIJlOO6MeHy. 

M3MCpeHHK CKOpOCTei? npOBOAWI&iCb n0 MeTOAy TenJIOBOii aHeMOMeTpmi OAHOTAnbHbIMA H 

X-06pa3HbIMH 3OHAaMU,a TeMnCpaTypbI MeTOAOM TepMOMeTpHH COIIpOTBBJIeHHSl C liCtIOJIb30BaHHeM 

Ma,lbIX AaT98KOB 0~0608 KOHCTpyKUAA. 
Ha OCHOBe 3KCnepUMeHTaJIbHbIX AaHHbIX 6bmu nOJIy'ieHb1 3Ha'IeHmd Typ6yJIeHTHOti B113KOCTH U 

TCMIICpaTypOnpOBOAHOCTH, a TaKme Typ6yJIeHTHOI'O 'OiCJIa npaHATJT% flJIK pa3BHBaIOUJerOCff 

TypByneHTHoro norpamiworo cnoH npo@inu CK~~~CTH ri TebfnepaTypbI npe z+ < 300 MOXHO xopou10 

OIIl(CaTb CJIeAyIOIUHMB ypaEHeH&UIMH: 

z+ = Lit + 0.1342 [ exp(0,41U+) - i (0,41CJ’)“/n! , “=O 1 
z+ = Pr-‘T+ + 0.1342 

[ 
exp(0,48T+) - i (0,48T+)“/n! 

1 n=0 w 
Ann o6nacTki 30 < z+ < 100, 3Haqemie Pr, CocTaBHno 0,9 + 0,l. CooTHomeHae MeKAy Pr, w z+ npe 

40 <z+ < 300 cornacyercr c pe3ynbTaTahq nonyqeIiHbIrbu4 @ynaKbe. CoenaAemie c pe3ynbTaTah4u 

AHTOHHa AJIll pa3BLiBalOmerOCK TeIIJIOBOrO nOrpaHHqHOr0 CJIOIl HeCKOJIbKO Xyxe. 
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