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Abstract— Results are presented of measurements of velocity and temperature profiles and of turbulent
momentum and heat fluxes for air low over a flat plate, part of which waskept at a temperature of about 11 K
above ambient temperature. Flow measurements were performed by hot-wire anemometry, using single wire
and X-wire probes, and temperature measurements by resistance thermometry, using small sensors of a special
construction, From the experimental data, values of the eddy diffusivities for momentum and heat, and of the
turbulent Prandtl number were derived. For a developing turbulent boundary layer, velocity and temperature
profiles for z* < 300 could be well represented by the equations

2% = U* +0.1342[exp (041U %) —
z% = ProtT 401342 [exp(048T ) —

2= 00417 Y/nl],
4 (048T *Ynt].

For the region 30 < z* < 100 the value found for Pr,is0.9+0.1. The relation between Pr,and z* for40 < z7*
< 300is in agreement with the results of Fulachier. There is less agreement with the results of Antonia et al.
given for a developing thermal boundary layer.

NOMENCLATURE

B, B,, parameters in equations (11) and (12);

b, by, parameters in equations (11) and (12);

Cp specific heat capacity [J kg~ ! K™'];

L, length of the unheated part of the plate
[m];

m, integer;

n, integer ;

P, static pressure [Pa};

Pr, Prandt]l number;

q heat flux density [W m~2];

S, boundary layer thickness (0.99 criterion)
[m];

S, Su,/v;

T, temperature [K];

T, temperature fluctuation [K];

T, friction temperature, g,/pc u, [K];

T, (T,-T)/T;

U, V, W, velocity components in x, y, z-directions
[ms™'];

U+, U/u,;

u,v,w, fluctuationsof U, V, W [ms™1];

U, friction velocity (z,/p)*/* [ms™1];

x,y,z,  Cartesian coordinates [m];

zt, uz/v.

Greek symbols

K, thermal diffusivity [m? s~ 7;

v, kinematic viscosity [m? s~ *];

P, mass density [kg m™*];

T, shear stress [Pa].

Dimensionless number

Pr, Prandtl number, v/x.

*Present address: Heidemij,
Arnhem, The Netherlands.

Research Department,

Subscripts
0, free stream condition;
t, turbulent;
u, velocity ;
T, temperature;
W, wall condition;
. time average.

1. INTRODUCTION

THE RESPONSE of a turbulent boundary layer to a
stepwise change in surface conditions has received
special attention, both experimentally and theoreti-
cally, mainly because of its relevance to the atmospheric
situation. As no general solution of the boundary layer
equations i8 known, accurate measurements can
support hypotheses on the turbulent shear stress and
heat flux density in these boundary layers.

Earlier measurements of shear stresses and heat
fluxes made by others show different results. The aim of
this work is to provide accurate data on the combined
transport of momentum and heat in a turbulent
boundary layer over asmooth horizontal surface with a
stepwise change in temperature. The present work
represents data achieved by advanced measuring and
data handling techniques. It is a continuation of that
presented by D. A. de Vries at the Sixth International
Heat Transfer Conference in Toronto [1], and can be
considered as a final report on the determination of the
turbulent Prandtl number performed in our
laboratory.

2. STATEMENT OF PROBLEM

The fundamental problem of heat transfer from a flat
plate with a stepwise discontinuity in the wall
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temperature was chosen for our experimental study of
heat transfer in a turbulent boundary layer. A sketch of
the velocity and temperature boundary layers and the
associated velocity and temperature profiles is given in
Fig. 1. Theboundarylayer equations for a stationary, 2-

dim., incompressible, turbulent flow, neglecting

buoyancy and dissipation are
dU/Ox +0W 8z = 0, {H
UoU/ox+Wol [0z = —p~10p/ox—p~'dt/0z, (2)
UaT/ox+WaT/dz = —(pc,) 'q/oz 3

with

1 = —pvalU/dz + pitw, (4)
q = —pexdT/oz+pe,T'w. (5)

All air properties have been considered constant.
Introducing eddy diffusivities, we write, for the
turbulent terms,

= puw = — pv,00/0z, ®)
g, = pcp?v; = —pex0T/0z. ()

With the turbulent Prandt] number
re = vJ/K, (8)

equation (3) can be rewritten as

o - ] T
UaT/ox+ WeT/oz = ;[(K +v/Pr) 5;] )

The eddy diffusivities, and hence Pr, can be
determined from experimental data in the following
ways !

(a) The integration method : From measured values
of U(z), T(z), 8p/ox, 1,, and g, at different stations (x
values) along the plate. First 1(z) and g(z) are found by
integration of equations (2) and (3); next are calculated
v, and «, by application of equations (4)-(7).

(b} The eddy correlation method : From measured
values of U(z), T(z), #w(z) and T'w(z) by application of
equations (6) and (7).
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3. EQUIPMENT AND MEASURING TECHNIQUES

The measurements reported here were performed in
a “low-turbulence”, closed-circuit wind tunnel. A
sketch of the test section is given in Fig. 2 : fuli details are
presented in refs. {1, 2

The heated part of the plate was kept at a constant
temperature { +0.2 K), whilst guard elements secured
heat flow in a vertical direction. The temperature was
measured with thermocouples situated just below the
plate surface. Two rows of water cooled blades, located
in corners of the wind tunnel, kept the {ree stream air
temperature at a constant value.

The wall shear stress, 7,,, was measured with Preston
tubes [3, 4]. The accuracy of the ,, values is about 22,
The wall heat flux density, g, could be determined
within 3% from the power supplied to the central heated
part.

Velocity measurements were performed by constant
temperature hot-wire anemometry, U values were
measured by asingle wire, withitsaxisin the y direction,
havinga diameter of 3 um and an effective length of 1.90
mm.

The #w values were determined with an X-wire
probe. The wires of this probe were located in x.z-
planes ; they made angles ofabout + 30° with the x-axis.
Their diameter was 3um and they had effective lengths
of 1.96 mm and 1.68 mm. A method described by
Bradshaw [5] was used to examine the validity of the
‘cosine law’ for the X-wire probe. Corrections were
made for deviations from this law.

All hot wires were carefully calibrated and the
calibration was corrected for variation of the average
air temperature, as described by Koppius and Trines
fe6].

Temperatures were measured by electrical resistance
thermometry, as described by Nieuwvelt et al. [ 7], This
includes compensation for the thermal inertia of the
sensor. This sensor consists of a thin quartz wire, witha
diameter of 5.5 um and a platinum coating of about 0.1
um thickness.

A probe with an effective length of 1.90 mm, with its
axis in the y direction, was used to measure 7.

EDGE OF VELOCITY
BOUNDARY LAYER

To
EDGE OF TEMPERATURE
BOUNDARY LAYER

~MEAN TEMPERATURE
PROFILE, T-T,

4-WALL HEATED, TEMPERATURE Ty, 7 o
(7000000077700 5 007

F1G. 1. Sketch of configuration investigated.
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Fic. 2. Test section of the wind tunnel, showing plate with heated part and relevant dimensions.

A second probe (with an effective length of 1.56 mm)
was combined with the X-wire probe for determining
T'w. A correction was made for axial heat conduction
to the (isothermal) prongs (5% for T values) analogous
to the correction described by Maye [8].

All probes were constructed so as to minimize
aerodynamic disturbances, according to the recom-
mendations of Strohl [9].

The electrical signals from the probes were recorded
on a 14 track Honeywell 7600 analogue instrumental
tape recorder. All anemometer signals were linearised
by analogue equipment before processing.
Correlations were obtained by means of a Federal
Scientific UC-201¢ two-channel correlator.

An electronically controlled transversing mechan-
ism, designed at our laboratory, was used to move the
probes vertically through the boundary layer. It
allowed an accuracy of 15 um in the determination of
absolute z-values and of 2 um in the probe
displacements.

4. EXPERIMENTAL RESULTS

Care was taken to keep the free stream velocity, U,
and the difference between the wall and free stream
temperatures, 1, — T, constant.

Because the measurements extended over a period of
about 6 months, conditions changed slightly due to
variations of barometric pressure and ambient
temperature, All air properties (p, v, ¢, k) were taken at
the relevant film temperature, (T, + T,), and pressure.
Some of the flow measurements were carried out both
under isothermal (7 =T, and non-isothermal
conditions. No influence of buoyancy was observed.

Velocity and temperature profiles were measured at

stations 5,6 and 7 (Fig. 2). Measurements of awand T'w
were performed at stations 6 and 7 only. The results for
station 6 are presented, those for the stations 5 and 7
being similar.

Typical conditions, pertaining to the measurements
with the combined X-wire and temperature probe, are
given in Table 1.

The velocity profile is given in Fig. 3 in the usual
dimensionless form. For z' > 30 our profile ap-

Table 1. Values of various quantities for station 6 during
measurements with the combined probe

Quantity Value Quantity Value
Uo 108 ms™! S, 35mm
T, 3004 K Ty 025 Pa
T,— T, 114K Gw 362 Wm~?
YT+ T) 306.1 K dp/dx —48Pam™!
Po 101.4 kPa dg,/dx —140Wm™?3

proaches the logarithmic law, with parameters as given
by Hinze [10]
U*=2441n z* +490. (10}

For z* < 300 the data show an excellent agreement
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F1G. 3. Dimensionless velocity profile at station 6. Broken line,

logarithmic profile [equation (10)]. Upper curve, [equation

(11), with B = 0.1108, b = 0.40 and m = 5]. Lower curve,

[equation (11), with B=0.1342, b =041 and m = 4].
@, Linearized signals; O, non-linearized signals.
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with the Spalding formula [11]

ot = U*+Btexp(bU*) -y (bU*)”/n!] (1
n=10
with B =0.1342, b = 041 and m = 4.

These values of B and b correspond with the values of
the parameters in ref. [10].

These results are slightly different from those of
Spalding, who found a best fit with B = 0.1108,
b = 0.40 and m = 3 or m = 4. They are also different
from those of Blom [2]. who found a best fit with the
values of B and b given by Spalding, but with m = 5
(modified Spalding profile). Figure 3 shows that the
effect of linearization is small.

The temperature profile is presented in Fig. 4. The
experiments show a logarithmic temperature profile for
30 < z* < 300. Assuming a linear profile for z' < 7,
analogous to the velocity profile, the whole
temperature profile can be well represented by a
Spalding-like formula given by

2 =PriT' +B, [exp(blT’) — Y (b Ty

n=10

(12}
with Pr = 0.71.
In the logarithmic region one obtains from the

experimental data the following simple relation
between T* and U™ :

T =(0.86+002)U",30 <z" < 300. (13)

Combining equations (10), (12) and (13) results in B,
=0.1342, b, = 048 and m = 4.

From the values of S, and S; givenin Figs. 3and 4, it
can be secn that the thickness of the temperature
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F1G. 4. Dimensionless temperature profile at station 6. Upper

curve, equation (12) with m = 4. Lower curve, equation (12)

with m = 3. @, Single temperature probe; O, combined
temperature and X-wire probe.
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F16. 5. Turbulent shear stress profile at station 6. derived

fromequation (2). @, Eddy correlation, isothermal condition :

. eddy correlation, non-isothermal condition; /A, sec
Discussion and Conclusions.

boundary layer is about half that of the velocity
boundary layer at station 6.

It should be noted that the temperature data
obtained with the combined probe agree well with
those given by the single probe. The former could not be
usedforz’ < 20, because of the vertical extension of the
X-wire probe.

Results of both methods for determining the
turbulent shear stress profile are given in Fig. 5. The
values found by the eddy correlation method appear to
be much smaller than those derived from the
integration method. The reason for this discrepancy is
not clear as yet. Probably it has to do with the fact that
the X-wire probe does not give a true point
measurement.

Results of both methods for determining the
turbulent heat flux density are given in Fig. 6. The
broken line indicates that the values obtained from the
integration method become less refiable because the
edge of the thermal boundary layer is approached, so
T+ becomes independent of z* and x. Here also the
eddy correlation method gives lower resuits than the
integration method. In addition the profile obtained by
the former is shifted towards higher =" values. The

L ]

o o

100t / N
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0 Tl — s JUNENR XY
2 10 100 1000
B &
FiG. 6. Turbulent heat flux density at station 6. - - derived

from equation (3). @, Eddy correlation, linearized.
temperature corrected ; O, eddy correlation. non-linearized.
temperature not corrected.



The turbulent Prandtl number in the inner boundary layer for air flow over a flat plate

30—
(a)
20—
’
gy 3 //
a . s °
bl 2. < e’
. = ﬁ"'..‘\ -
ol el ol |
1 10 100 1000

Fi1G. 7(a). Profile of the turbulent Prandtl number at station 6.
—— obtained from integration method ; @, obtained from
eddy correlation method ; —-—— results of Blom [2].

effects of linearization and temperature correction are
quite marked here.

Finally the profiles of Pr, are presented in Fig. 7(a),
together with the results of Blom. The shift between the
results of the two methods, shown in Fig. 6, recurs here.
However, the values obtained from the eddy
correlation method do not differ markedly from those
derived from the integration method. This indicates
that the same systematic error arises in both #w and

T'w. Contrary to the findings of Blom, Pr, appears to
increase with decreasing z* in the transition layer
(7<z* <30). For 30 <:z" <300, equation (13)
would imply Pr, = 0.86, provided that (z)/z, = —1
and q(z)/q,, = 1.

5. DISCUSSION AND CONCLUSIONS

The velocity profile found in the present work can be
well represented for z* < 300 by the Spalding formula
with m =4, equation (11), with the values of the
parameters derived from the logarithmic profile
[equation (10)]. The values of the parameters in
equation (10) are chosen as the best in the literature.
Other values of these parameters, also in use, will
influence strongly the values of the corresponding
constants in equation (11). We have to keep in mind
that our experiments were performed in a developing
velocity boundary layer, while equation (10)is given for
a fully-developed boundary layer. Figure 3 suggests
that a somewhat higher value than 2.44 is acceptable.
This implies a somewhat lower value of the Von
Karman constant, as was also found by other authors
[10, 12]. The temperature profile can be well described
by a Spalding-like formula [cf. equation (12)].

To construct the dimensionless temperature profiles
the value of g, is needed, which here is derived from the
electrical power input to the heated elements. Another
possibility would be to use the slope of the temperature
profile near the wall (0 < z* < 5). Later experiments
show that in this case, due to the temperature gradient
inthisregion(1.5 x 10* K m~!), corrections have to be
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Fig. 7(b). Turbulent Prandtl number across the inner

boundary layer obtained by the eddy correlation method: +,

results of Fulachier et al.; (x — L)/S,(L) = 10.3; A, results of

Antonia et al.; (x—L)/S, (L) = 11.4; A, results of Antonia et

al.; (x—L)/S(L) = 429; @, present results; (x—L)/S(L)
= 13.2.

made for the heat conduction along the prongs in this
non-isothermal field. (Zari¢’s correction modified to
our probe shape [ 13] was used.) Small differences in the
temperature between adjacent elements (0.2-0.3 K)
lead to a considerable scatter in the measured values
due to the presence of local internal thermal boundary
layers.

The deviation between the shear stress results
derived from the integral method and the eddy
correlation method can be explained by the effect of the
lengths of the X-wires on the latter method, as described
by Willmarth and Bogar [14]. Afterwards some shear
stress measurements were made with effective lengths of
the X-wires of 0.8 mm.

After special attention was paid to the application of
the ‘cosine law’ [5], the measured shear stress values
agreed within 69 with the values of the integral method
down to z* = 40 (marked A in Fig. 5).

To test the analogue data processing for determining
shear stress values the recorded X-wire signals were fed
into a B 7700 Burroughs computer. After digital
processing including linearization the values of the
shear stress agreed within 29 with the presented values
(marked A in Fig. 5). For the region 30 < z* < 100 the
value found for Pr,is 0.940.1.

This is also the region in which the maximum values
for the turbulent fluxes of momentum and heat occur.
Figure 7(a) shows thatforz* < 30and z* > 100, Pr, is
increasing in contradiction to earlier results of Blom
[2]. Figure 7(b) represents the results of Pr, determined
by the eddy correlation method by different authors
[12]. The shape of our curve shows agreement with the
results of Antonia et al. for the fully developed thermal
layer [(x—L)/S(L) = 42.9]. For 40 < z* < 300 there
seems to be agreement with the results of Fulachier et al.
[15]. There s less agreement with the results of Antonia
et al. for a developing thermal boundary layer.
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DETERMINATION EXPERIMENTALE DU NOMBRE DE PRANDTL TURBULENT A
L’INTERIEUR DE LA COUCHE LIMITE POUR UN ECOULEMENT D’AIR SUR UNF
PLAQUE PLANE

Résumé - On présente des résultats sur la mesure de vitesse et de température, de flux turbulent de quantite de
mouvement et de chaleur pour 'air en écoulement sur une plaque plane dont une partie est maintenue a 11 K
au-dessus de la température ambiante. Ce travail poursuit ce qui a été présenté a la Sixieme Conférence

Internationale sur le Transfert de Chaleur.

Des mesures de vitesse sont faites par anémomeétrie a fil chaud, utilisant un fil unigue et des sondes en X les
mesures de température par thermomeétrie a résistance avec des petits capteurs spéciaux.

Des expériences sont déduites les valeurs des diffusivités turbulentes pour la quantité de mouvement et fa
chaleur et celles du nombre de Prandtl turbulent. Pour une couche limite turbulente en développement. les
profils de vitesse et de température pour z < 300 peuvent étre bien représentés par les formulies

= +0,134zl expl041U ")

2= Pr'T™ 40,1342

Pourlarégion30 <z~

exp(0,48 T ")

< 1001a valeur trouvée pour Pr,est 0,9 +0,1. Larelationentre Proet -

Y oAre il l
L H

1
+ i

Y 048 Ty n! }

n

pourdt) < o°

< 300 est en accord avec les résultats de Fulachier. Il y a moins d’accord avec les résultats d'Antonia donnes
pour une couche limite thermique en développement.

EXPERIMENTELLE BESTIMMUNG DER TURBULENTEN PRANDTL-ZAHL IN DER
INNEREN GRENZSCHICHT DER LUFTSTROMUNG AN EINER EBENEN PLATTE

Zusammenfassung--Es werden MeBergebnisse von Geschwindigkeits-und Temperaturprofilen sowie des
turbulenten Transports von Impulsund Wirmein der Luftstrémung an einer ebenen Platte mitgeteilt, von det
ein Teil auf einer Temperatur von 11 K iiber Umgebungstemperatur gehalten wurde. Es handelt sich um cine
Fortsetzung der Arbeit, iiber die auf der 6. Internationalen Konlerenz fir Wirmetibertragung vorgetragen

wurde.

Die Strdmungsmessungen wurden mit Hitzdrahtanemometern unter Verwendung von Einzeldraht- und X-

die
Aus

Draht-Sonden
Widerstandsthermometer

durchgefihrt.  Fur

eingesetzt. den

Temperaturmessung
experimentellen

konstruierte
turbulenten

speziell
die

wurden
Daten konnten

Transportgrofen fiir Impuls und Wirme sowie dic turbulente Prandti-Zahl abgeleitet werden. Fir eine sich

ausbildende turbulente Grenzschicht lassen sich das Geschwindigkeits- und Temperaturprofil fir =

durch folgende Gleichungen gut beschreiben

E T +0,1342[ exp (041U )

o =P T 4+0,1342

exp(048T7)

< 300

4
Y 041Uy ! ]
4]

e

S 0AS Ty nt |

wo

Fiir den Bereich 30 < z7 < 100 ergab sich als Wert fir die turbulente Prandtl-Zahl Pr, = 0.9 z 0. Die

Beziehung zwischen Pr, und z* fiir 40 < z© < 300 ist in guter Ubereinstimmung mit den Ergebnissen von

Fulachier. Fine weniger gute Ubereinstimmung besteht mit den Ergebnissen von Antonia, welche fir einesich
ausbildende thermische Grenzschicht gelten.
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SKCIEPUMEHTAJIBHOE OIPEJEJEHUE TYPBYJIEHTHOIO YHUCJIA ITPAHATIA
BO BHYTPEHHEM NOTPAHUYHOM CJIOE ITOTOKA BO3[IVXA HAJ IJIOCKOM
MJIACTUHON

Annoraums — [IpencTaBieHs! Pe3ysnbTaThl MO H3MeEpeHHIO nmpoduiell CKOPOCTH M TeMnepaTypel, a
TaKXe TYpOy/JeHTHBIX MOTOKOB UMMYJbCA H TelUla MPH TEYeHHH BO3JyXa Hal NJIOCKOH IIACTHHOH,
HA YaCTH KOTOPOil moaaepXkHBaeTcs Temnepartypa, npuMepHo Ha II K npesbiuaroias temnepatypy
okpyxatoweit cpensl. [IpuBeeHHble pe3yIbTAThI ABIAIOTCA MPOJAOTXKEHHEM paboThI, npeacTaBIeHHON
Ha 6-if MexnyHaponHoi koHdEepEHIHH MO TerIo0oOMEHY.

W3Mepenuss ckopocTell NMPOBOAMIMCH MO METOAY TEIUIOBOH AaHEMOMETPHHM OJHOXHIBHBIMM H
X-06pa3HbIMK 30HAAMH, a TEMIIEPATYypPhl METOLOM TEPMOMETPHH CONPOTUBJIEHHS C HCIOJ/Ib30BAHHEM
MaJlbIX JaT4HKOB 0CODOH KOHCTPYKUHH.

Ha ocHoBe 3KCNEpMMEHTAJbHBIX NaHHBIX ObUIM NMOJYYeHbl 3HAYEHUA TYPOYJEHTHOR BA3KOCTH H
TEMIIEPATYpPONPOBOJHOCTH, a Takxke TypOyneHtHoro umcna [Ilpanarns. [ns  pa3susaroerocs
TypOy/IEHTHOTO NOTPAHHYHOTO CJ10si NPOGMIIH CKOPOCTH U TEMNEPATYPHI IpH z* < 300 MOXHO XOpOLLO
onucaTth CIAEAYHOUIHMH YPaBHEHHAMH :

4

2t =U"+ 0,1342[exp(0,41U+) -3 (0,41U*)"/n!:|,
o

n=

4
2" =Pr'T" + 0,1342[exp(0,48T+) -y (0,48T+)"/n!:|.

n=0

-

s o6nactu 30 < z* < 100, 3Havenue Pr, coctasmio 0,9 + 0,1. CootHowenue Mexay Pr, v z* npu
40 < z* < 300 coraacyeTcs C pe3ynIbTaTaMM, MonydeHHsiMH ¢ynaxse. CoBnaleHHe ¢ pe3yJibTaTaMU
AHTOHHA [UTS Pa3BHBAIOLIErOCH TEIIOBOTO MOIPAHHYHOTO CJIOA HECKOMBKO XYyXe.
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